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Abstract—The problem of robust controller design under
PWM feedback is discussed in terms of Filippov’s average model
where control variable is a duty ratio function. The proposed
controller is an extension of PI/PID control scheme under PWM
feedback. The presented design methodology guarantees desired
output transient performance indices by inducing of two-time-
scale motions in the closed-loop system. Stability conditions
imposed on the fast and slow modes and sufficiently large mode
separation rate between fast and slow modes can ensure that
the full-order closed-loop nonlinear system achieves the desired
properties in such a way that the output transient performances
are desired and insensitive to external disturbances and plant’s
parameter variations. The method of singular perturbations is
used throughout the paper in order to get explicit expressions
for evaluation of the controller parameters. Simulation results of
tracking control for magnetic levitation system are presented as
an example of the application for the discussed PWM control
design methodology.

I. INTRODUCTION

There are many control systems with pulse-width modula-
tion (PWM) in feedback loop that are widely used in appli-
cations where the most important ones are power converters
and motor control systems [1]-[4]. The great improvement
of power electronic switching device characteristics and the
drastic decreasing of switching device production cost give
a possibility to provide a high sampling frequency in PWM
control systems. Therefore, among various PWM techniques
the principle of equivalent areas [5] is efficiently used where
the continuous-time or discrete-time control algorithms are
designed at the beginning, and then ones should be re-designed
in order to be implemented in a PWM feedback loop [6].

Theoretical problems of stability and oscillations for non-
linear pulse-modulated systems are investigated based on av-
eraging method and Lyapunov function method with help of
V.A.Yakubovich’s frequency theorem in [7], [8].

The existence of an equivalence between sliding modes
of variable structure control and PWM control responses
under the high frequency sampling gives other possibilities
for PWM controller design [9]. It was shown in [10], if PWM
controller is not saturated and the sampling frequency tends
to infinity, then the response of discontinuously controlled
system coincides with Filippov’s average model [11] where
control variable is represented by duty ratio function. Hence,
various type of continuous-time or discrete-time controllers
can be designed based on the Filippov’s average model, for

instance, proportional-integral (PI) or proportional-integral-
derivative (PID) controllers.

Problems of PI (PID) control system analysis and design
are treated in a huge set of publications, for instance, [12],
[13], that are only few ones. For example, the well known
Ziegel-Nichols tuning rules [14] or its various modifications
are widely used for selection of controller parameters. In the
presence of plant uncertainty, in order to fetch out the best
PI and PID controllers in accordance with the assigned design
objectives, a set of tuning rules, identification and adaptation
schemes has been developed [15], [16]. The main disadvantage
for the most part of the existing procedures on PI or PID
controller design is that the desired transient performances can
not be guaranteed in the presence of nonlinear plant parameter
variations and unknown external disturbances.

The objectives of this paper are the analysis and design
of control systems with PWM feedback loop for nonlinear
plant model in the presence of plant’s parameter variations,
and unknown external disturbances. The discussed approach
to controller design is based on the design methodology
presented in [17], that guarantees desired output transients by
inducing of two-time-scale motions in the closed-loop system.
Stability conditions imposed on the fast and slow modes and
sufficiently large mode separation rate between fast and slow
modes can ensure that the full-order closed-loop nonlinear
system achieves the desired properties in such a way that
the output transient performances are desired and insensitive
to external disturbances and plant’s parameter variations. The
stability of fast-motion transients in the closed-loop system is
provided by proper selection of controller parameters, as well
as slow-motion transients correspond to the stable reference
model of desired mapping from reference input into controlled
output. The method of singular perturbations [18]-[23] is used
throughout the paper.

The paper is a continuation of [24] and one is organized as
follows. First, the control design objectives are stated. Second,
the Filippov’s average model for nonlinear nonaffine-in-control
system under high-frequency sampling is introduced. Third, the
generalized structure of feedback controller, which is called as
a universal controller, for nonlinear systems of an arbitrary de-
gree is presented where the proposed controller is an extension
of PI/PID control scheme. Fourth, the two-time-scale motions
analysis of the closed-loop system properties is discussed. Such
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questions as conditions for not saturated behavior of pulse-
width modulator and attenuation of high-frequency chattering
caused by the switching mode of the pulse-width modulator
are addressed as well. Finally, simulation results of tracking
control for magnetic levitation system are presented as an
example of the application for the proposed PWM control
design methodology.

II. CONTROL PROBLEM STATEMENT

Consider the SISO nonlinear system of the following form:

x(n) = f(X, w, u) (1)

where X = [x, x(1), . . . , x(n−1)]T is the state vector and x is
the measurable output of the system (1).

It is assumed that f(X, w, u) is an unknown scalar con-
tinuous bounded function of X , w, and u on a bounded set
ΩX,w,u := ΩX × Ωw × Ωu.

Remark 1: The discussed nonlinear system given by (1), in
general, can be nonaffine-in-control system, that is an explicit
inversion of the function z = f(X, w, u) with respect to
control variable u is impossible for given z, x, and w. For
instance, the system given by ẋ = x3 + u(1− u2) is the non-
affine in control one.

Let u(t) is the scalar control variable, where u takes one
of two possible values in Ωu := {u−, u+}.

Assume that the pulse-width modulated control for the
system (1) is defined as the switching function u(t) given by

u =
{

u+ for tκ < t ≤ tκ + χ(tκ)Ts

u− for tκ + χ(tκ)Ts < t ≤ tκ + Ts
(2)

where Ts is the sampling period of the pulse-width modulation,
χ is the duty ratio function which takes values in the interval
[0, 1], χ(tκ) is the duty ratio function at the time instance tκ,
tκ = κTs, and κ = 0, 1, 2, . . ..

A control system is being designed so that the condition

lim
t→∞

x(t) = r (3)

holds, where r = const. Moreover, the output transients
of x(t) should have the desired performance indices. These
transients should not depend on nonlinearity of the system (1),
the external disturbance or varying parameter represented by
w(t).

The block diagram of the discussed control system is shown
in Fig. 1, where the plant (P) is represented by (1), the pulse-
width modulator (PWM) is given by (2), and the controller (C)
should by designed later on.

Fig. 1. Block diagram of the control system.

III. CONTROL VIA TIME-SCALE SEPARATION

A. Filippov’s Average Model

Denote

f+(X,w) := f(X, w, u+), f−(X, w) := f(X, w, u−).

Then the system (1)-(2) can be rewritten as

x(n) = νf+(X, w) + (1− ν)f−(X,w) (4)

where ν is defined as the ideal switching function

ν =
{

1 for tκ < t ≤ tκ + χ(tκ)Ts

0 for tκ + χ(tκ)Ts < t ≤ tκ + Ts
(5)

Assumption 1: The pulse-width modulator given by (2) is
not saturated, that is the following condition 0 < χ < 1 holds.

Assumption 2: The sampling period Ts is assumed to be
sufficiently small in comparison with time constants associated
with the dynamics of the system (1).

In accordance with Assumptions 1 and 2, by following
to the Filippov’s approach [11], the geometric approach to
PWM control [9], and Theorem A.1 in the paper by [10], the
response of discontinuously controlled system given by (1) and
(2) coincides with Filippov’s average model

x(n) = χf+(X, w) + (1− χ)f−(X,w) (6)

where χ is the duty ratio and χ ∈ (0, 1) by Assumption 1.
The closed-loop system properties will be treated below

based on the average model (6), that is rewritten as

x(n) = f−(X,w) + [f+(X,w)− f−(X, w)]χ. (7)

Remark 2: The nonlinear non-affine in control system (1)
with the high-frequency pulse-width modulator (2) yields the
average model (7) which is affine in control system.

B. Control Law

By following to the design methodology [17], [24], consider
the universal controller given by

µq χ(q) + dq−1µ
q−1χ(q−1) + · · ·+ d1µχ(1)

= k[F (X, r)− x(n)] (8)

where µ is the small positive parameter, q ≥ n, and

F (X, r) = −a0
n−1

T
x(n−1) − · · · − a0

1

Tn−1
x(1) +

1
Tn

[r − x].

The controller parameters a0
n−1, . . . , a

0
1, T are selected such

that the polynomial

Tnsn + a0
n−1T

n−1sn−1 + · · ·+ a0
2T

2s2 + a0
1Ts + 1 (9)

has the desired root distribution inside the left part of the
s-plane, where roots of the polynomial (9) are defined by
the requirements imposed on the desired output transient
performance indices of x(t) in the system (1).



Remark 3: The control law (8) can be expressed in terms
of transfer functions, that is

χ(s) =
k

µ(µq−1sq−1 + dq−1µq−2sq−2 + · · ·+ d2µs + d1)

×
{

[r(s)−x(s)]
sTn

−(sn−1+· · ·+ a0
2s

Tn−2
+

a0
1

Tn−1
)x(s)

}

where this controller is proper and one is implemented without
an ideal differentiation of x(t) or r(t) due to q ≥ n.

Remark 4: The conventional PI controller results from (8)
when q = n = 1. The PI controller with an additional lowpass
filtering results from (8) when q > n = 1. The proper PID
controller with an additional lowpass filtering results from (8)
when q > n = 2.

Remark 5: If q ≥ n, then the controller (8) can be rewritten
as the system of state space differential equations given by

U̇χ = AcUχ + Bcx + Ecr

χ = CcUχ + Dcx
(10)

where Uχ ∈ Rq . Note, the relation between the duty ratio
function χ(t) and the control variable u(t) is defined by the
switching function (2).

C. Time-Scale Separation

Consider the closed-loop system equations given by the
average model (7) and controller (8), that are

x(n) = f−(X, w) + [f+(X, w)− f−(X, w)]χ
µq χ(q) + dq−1µ

q−1χ(q−1) + · · ·+ d1µχ(1)

= k[F (X, r)− x(n)].

The replacement of x(n) in (8) by the right member of (7)
yields the closed-loop system equations in the form

x(n) = f−(X,w) + [f+(X, w)− f−(X, w)]χ
µq χ(q) + dq−1µ

q−1χ(q−1) + · · ·+ d1µχ(1) (11)
+k[f+(X, w)− f−(X,w)]χ = k[F (X, r)− f−(X,w)].

Denote x1 = x, x2 = x(1), . . ., xn = x(n−1), χ1 = χ, χ2 =
µχ(1), . . ., χq = µq−1 χ(q−1). Then the closed-loop system
(11) may be rewritten as the following system of singularly
perturbed differential equations:

ẋi = xi+1, i = 1, 2, . . . , n− 1
ẋn = f−(X,w) + [f+(X,w)− f−(X, w)]χ1

µ χ̇j = χj+1, j = 1, 2, . . . , q − 1 (12)
µ χ̇q = −k[f+(X,w)− f−(X, w)]χ1 − d1χ2

− · · · − dq−1χq + k[F (X, r)− f−(X,w)]

where two-time-scale motions are forced as µ → 0. Hence, fast
and slow modes are artificially forced in the closed-loop system
and the time-scale separation between these modes depends on
the parameter µ.

In order to enable usage of the standard technique for two-
time-scale motions analysis, take t = µt0. Hence, from (12),

the system
dxi

dt0
= µxi+1, i = 1, 2, . . . , n− 1

dxn

dt0
= µ[f−(X, w) + [f+(X,w)− f−(X, w)]χ1]

dχj

dt0
= χj+1, j = 1, 2, . . . , q − 1 (13)

dχq

dt0
= −k[f+(X,w)− f−(X, w)]χ1 − d1χ2

− · · · − dq−1χq + k[F (X, r)− f−(X,w)]

results. By setting µ = 0 we get the system given by
dxi

dt0
= 0, i = 1, 2, . . . , n

dχj

dt0
= χj+1, j = 1, 2, . . . , q − 1 (14)

dχq

dt0
= −k[f+(X, w)− f−(X,w)]χ1 − d1χ2

− · · · − dq−1χq + k[F (X, r)− f−(X, w)]

Then the inverse replacement t0 = µ−1t yields the fast-motion
subsystem (FMS) given by

µ χ̇j = χj+1, j = 1, 2, . . . , q − 1 (15)
µ χ̇q = −k[f+(X, w)− f−(X, w)]χ1 − d1χ2

− · · · − dq−1χq + k[F (X, r)− f−(X, w)]

where X and w are treated as the frozen variables during the
transients in (16). Finally, the equations (15) can be rewritten
as

µq χ(q) + dq−1µ
q−1χ(q−1) + · · ·+ d1µχ(1)

+k[f+(X,w)−f−(X, w)]χ = k[F (X, r)−f−(X, w)]. (16)

Assumption 3: Assume that k, d1,. . . , dq , u+, and u− are
selected such that the condition

k[f+(X, w)− f−(X, w)] > 0

holds for all (X,w) ∈ ΩX,w and the transients of the FMS
(16) are exponentially stable.

The rate of transients in (16) depends on the parameter
µ. Hence, if µ is small enough, then, in accordance with
Assumption 3, after the rapid decay of transients in (16), we
get the steady state (more precisely, quasi-steady state) for the
FMS, where χ̇ = 0 and χ(t) = χid(t). From (16), we find

χid =
F (X, r)− f−(X, w)

f+(X, w)− f−(X,w)
(17)

where χid is exactly the inverse dynamics solution.
Substitution of χ = χid into (7) yields the slow-motion

subsystem (SMS) given by

x(n) = F (X, r) (18)

that is the reference model of the desired behavior in the
following form:

Tnx(n) + a0
n−1T

n−1x(n−1)

+ · · ·+ a0
2T

2x(2) + a0
1Tx(1) + x = r.



The main qualitative property of the singularly perturbed
systems is that: if the equilibrium point of the FMS is
exponentially stable, then there exists µ∗ > 0 such that for
all µ ∈ (0, µ∗) the trajectories of the singularly perturbed
system approximate to the trajectories of the SMS [18], [19],
[20], [21], [22], [23]. So, if a sufficient time-scale separation
between the fast and slow modes in the closed-loop system
and exponential convergence of FMS transients to equilibrium
are provided, then after the damping of fast transients the
desired output behavior prescribed by (18) is fulfilled despite
that f(X,w) and g(X,w) are unknown complex functions.
Thus, the output transient performance indices are insensitive
to parameter variations of the nonlinear system and external
disturbances, by that the solution of the discussed control
problem (3) is maintained.

Let τfms be the time constant of the FMS (16) where
τfms = µ/ q

√
γ and γ = k[f+(X, w) − f−(X,w)]. The

requirement for degree of time-scale separation between the
fast and slow modes in the system (12) can be represented by

τfms ≤ τsms/η (19)

where τsms = T and, for example, η ≥ 10. The inequality
(19) yields the upper bound for µ given by

µ ≤ µmax = T q
√

γmin/η

where

γmin = min
∀(X,w)∈ΩX,w

k[f+(X, w)− f−(X,w)].

D. Control Variable Range
From (17) it follows, the not saturated behavior of χid(t)

can be provided by proper selection of the pulse-width
modulator parameters u+ and u−, it means that the value
|f+(X,w)−f−(X,w)| can be increased through the selection
of u+ and u−.

In order to keep the condition χ ∈ [0, 1] for the transient
behavior of the FMS (16), the control system should be
supplemented by an additional limiter as shown in Fig. 2.

Fig. 2. Block diagram of control system which is supplemented by the limiter.

E. High-Frequency Chattering Attenuation
The high-frequency chattering, caused by the switching

mode of the pulse-width modulator (2), is induced in the
closed-loop system. The main effect is produced by the sam-
pling frequency ωs where ωs = 2π/Ts. The maximum impact
of the pulse-width modulation on the amplitude of the high-
frequency chattering with the sampling frequency ωs in the
behavior of the output variable x(t) can be estimated by

Ax(ωs) ≈ 2
πωn

s

| f+(X, w)− f−(X,w) | (20)

under assumption that χ = 0.5.
Accordingly, the maximum impact of the pulse-width mod-

ulation on the amplitude of the high-frequency chattering with
the sampling frequency ωs in the behavior of the duty ratio
function χ(t) can be estimated by

Aχ(ωs) ≈ k

µqωq−n
s

Ax(ωs) (21)

where q ≥ n.
Note, the accuracy of the estimations given by (20) and (21)

increase when ωs →∞.
From (20) and (21), we have Ax(ωs) → 0 and Aχ(ωs) → 0

as Ts → 0. Hence, the high-frequency chattering attenuation
can be provided in the closed-loop system when Ts → 0.

The effect of the generated high-frequency harmonics and
subharmonic of unknown frequencies can be neglected in
comparison with the effect of the sampling frequency ωs due
to a low-pass filtering property of the system (1).

Remark 6: From (21) it follows, the high-frequency chat-
tering of the duty ratio function χ(t) can be reduced without
decrease in Ts, by increasing q in comparison with n.

IV. EXAMPLE: CONTROL OF MAGNETIC LEVITATION
SYSTEM

A. Model of Magnetic Levitation System

In this section the problem of tracking control for magnetic
levitation system is discussed as an example of the application
for the presented above PWM control design methodology.
Let us consider a simplified model of the magnetic levitation
system given by the following differential equations [25]:

ẋ1 = x2

ẋ2 = ga − 1
M

x2
3

x1
(22)

ẋ3 = −R

L
x3 +

1
L

u

where x1 is the mass position relative to the electromagnet,
x2 is the mass velocity, x3 is the electric current in the
electromagnet coil, ga is the gravity acceleration, M is the
mass, R and L are the resistance and inductance of the
electromagnet coil.

Assume that x1 is the measured output variable and the
scalar control variable u(t) takes one of two possible values
in Ωu := {u−, u+} where the pulse-width modulated control
for the magnetic levitation system (22) is defined as the
switching function u(t) given by (2). Accordingly, from (22)
the Filippov’s average model

ẋ1 = x2

ẋ2 = ga − 1
M

x2
3

x1
(23)

ẋ3 = −R

L
x3 +

1
L

u− +
1
L

[u+ − u−]χ

results. Denote

y1 = x1, y2 = x2, y3 = ga − 1
M

x2
3

x1
. (24)



Assume that the conditions y1 > 0, x3 > 0 hold, then

y3 < ga. (25)

Hence, in accordance with (23)-(25), the Filippov’s average
model can be rewritten as

ẏ1 = y2

ẏ2 = y3 (26)
ẏ3 = f(y1, y2, y3, u

−) + g(y1, y2, y3, u
−, u+)χ

where

f(y1, y2, y3, u
−) =

[
y2

y1
+

2R

L

]
(ga − y3)− 2

√
ga − y3√

ML
√

y1

u−

g(y1, y2, y3, u
−, u+) =

(−1)2
√

ga − y3√
ML

√
y1

[u+ − u−]

B. Controller for Magnetic Levitation System

In accordance with (8), consider the controller given by

µ3 ...
χ + d2µ

2 χ̈ + d1µ χ̇

= k[−...
y 1 − a0

2

T
ÿ1 − a0

1

T 2
ẏ1 +

1
T 3

(r − y1)]. (27)

In order to practical implementation, the discussed control law
(27) can be rewritten in the form given by

χ(3) + a2χ
(2) + a1χ

(1)

= b3y
(3)
1 + b2y

(2)
1 + b1y

(1)
1 + b0y1 + c0r (28)

where

a2 =
d2

µ
, a1 =

d1

µ2
, c0 =

k

µ3T 3
,

b3 = − k

µ3
, b2 = − ka0

2

µ3T
, b1 = − ka0

1

µ3T 2
, b0 = −c0.

Then, from (28), we may get the equations of the controller
in the state space form (10), that are

χ̇1 = −a2χ1 + χ2 + (b2 − a2b3)y1

χ̇2 = −a1χ1 + χ3 + (b1 − a1b3)y1 (29)
χ̇3 = −a0χ1 + (b0 − a0b3)y1 + c0r

χ = χ1 + b3y1.

C. Selection of Initial Conditions

In order to avoid excitation of transients caused by the
initial condition mismatching between (22) and (29), let the
initial conditions of the magnetic levitation system (22) and
the controller given by (29) have been selected such that
the steady-state of the closed-loop system composed of the
Filippov’s average model (23) and controller (29) takes place
when t = 0. Hence, from (23) under assumptions ẋ1(0) = 0,
ẋ2(0) = 0, ẋ3(0) = 0, and y1(0) = x1(0) = x0

1 > 0, it follows
that x2(0) = x3(0) = 0 and

x3(0) =
√

Mgax1(0) (30)

χ(0) =
Rx3(0)− u−

u+ − u−
.

Then, from (29) under assumptions χ̇1(0) = 0, χ̇2(0) = 0,
and χ̇3(0) = 0, the following expressions

χ1(0) = χ(0)− b3y1(0)
χ2(0) = a2χ1(0)− (b2 − a2b3)y1(0) (31)
χ3(0) = a1χ1(0)− (b1 − a1b3)y1(0)

result.

D. Simulation Results

The parameters of the discussed magnetic levitation system
(22) are taken from [25] where we have

M = 0.1 kg, ga = 9.8 m/s2, R = 6 Ω, L = 0.1 H.

Assume that the pulse-width modulated control is defined by
(29) with the switching function u(t) given by (2) where

Ts = 0.006 s, u+ = 2.2 V, u− = 0.2 V.

The controller parameters are selected as

T = 0.1 s, a0
1 = a0

2 = 3, d1 = 15,

d2 = 8, µ = 0.0067 s, k = −0.015

The initial conditions for numerical simulation are selected in
accordance with (30) and (31) where x1(0) = 0.07 m.

The simulation results of the closed-loop magnetic levi-
tation control system (22), (29) with the switching function
(2) are shown in Figs. 3–5. The simulation results confirm
the presented above analytical investigations. In particular,
the transient response of x1(t) coincided with the transient
response of the reference equation assigned by

T 3...
x1 + a0

2T
2ẍ1 + a0

1T ẋ1 + x1 = r.

From (20) and (21), we have Ax(ωs) ≈ 10−6 and Aχ(ωs) ≈
0.0524. One can see, the calculated value of Aχ(ωs) coincided
with the high-frequency chattering of the duty ratio function
χ(t) shown in Fig. 5.

Fig. 3. Plots of r(t) and x1(t) in the system (22), (29) with the switching
function (2) where t ∈ [0, 2] s.



Fig. 4. Plot of u(t) in the system (22), (29) with the switching function (2)
where t ∈ [1.7, 1.78] s.

Fig. 5. Plots of χ(t) in the system (22), (29) with the switching function
(2) where t ∈ [0, 2] s.

V. CONCLUSION

The main advantage of the discussed singular perturbation
technique for control system analysis and design is that the
parameters of the controller for nonlinear systems in the pres-
ence of a pulse-width modulation in feedback loop can be ana-
lytically derived in accordance with such indirect performance
objectives as the desired root placement of the reference model
characteristic polynomial, while the desired root distribution
is defined by such direct output performance objectives as
settling time and overshoot. The application of the singular
perturbation technique in the presented design methodology
allows to get desired output transient performance indices for
nonlinear systems under uncomplete knowledge about external
disturbances and plant’s parameter variations.

The next step of investigation will be an implementation
of the discussed magnetic levitation control system in an

experimental prototype in the laboratory.
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